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Abstract--Two methods for calculating the wake geometry and blade loads for a hovering helicopter 
rotor are presented. One approach assumes that the wake trailed from the rotor olls up into discrete 
vortices according tothe Betz criterion for conservation f momentum. A simplified model is used to 
represent the vortex system. These vortices are then tracked according to the vortex transport law as 
they move under the influence of the velocities induced by the complete wake and rotor. Induced velocities 
are determined from the kinematic relationships (Biot-Savart law). The other approach incorporates the 
same simplified free wake model of the rotor in a finite difference calculation of the flow field. A 
variation of the "cloud-in-cell" technique, modified to eliminate self-induced velocity errors for curved 
vortex filaments, isused. Calculations showing the effect of vortex core size and the number of vortex 
filaments representing the wake are presented. For large numbers of vortices it is seen that the wake 
geometry fails to converge. However, only a few vortices are needed to adequately represent the wake. 
Comparisons with experimental results are presented for both methods. The paper concludes with a brief 
discussion of a recently developed method for computing blade airloads in forward flight. 
I. INTRODUCTION 
The hovering performance analysis of helicopter and other lifting rotors has traditionally been 
based on the Rankine-Froude momentum theory, proposed over 100 years ago and still a 
satisfactory method for rapid performance estimation. With the advent of high-speed computers, 
the more powerful vortex theories, in which the rotor blades are represented by lifting lines or 
surfaces and their wake by semi-infinite vortex spirals, have come increasingly into use. 
Early applications of vortex theory to rotors assumed a rigid wake without contraction, an 
infinite number of blades and constant bound circulation along the blade. The distribution of 
vorticity along the semi-infinite vortex cylinder representing the vortex spiral generated from 
the blade tip was based on the uniform axial velocity induced at the rotor disc by this cylinder. 
Closed-form solutions consistent with momentum theory were obtained. However, it is evident 
that these assumptions, while valid for the case of a propeller in forward flight when the wake- 
induced velocities are small compared to the flight velocity, cannot be physically correct for 
the hovering case where the only axial velocity is the induced velocity, and the flow through 
the rotor must accelerate to twice the velocity at the disc in the fully developed wake, as may 
be readily deduced both from momentum and vortex theory. Hence the wake must contract. 
Furthermore, vortex theory shows that, for the ideal rotor without wake contraction, the velocity 
at the vortex cylinder is half that over the rotor disc. The strength of the vortex cylinder would 
therefore be twice as great as assumed, at least initially. 
Reference 1 demonstrates xperimentally that the actual wake geometry is far different 
from the assumptions of classical vortex theory. More recent experimental investigations have 
provided a broad data base from which to validate improved aerodynamic analyses of the rotor. 
The experimental results how that, in hovering flight, the lifting rotor blade generates a spiraling, 
rapidly contracting wake which, unlike a lifting wing where the wake is transported rapidly 
downstream, remains in the vicinity of the rotor at least for the initial spiral. The bound circulation 
distribution along a following blade is strongly influenced by this wake because of its proximity 
to the blade and rapid initial contraction. Figure I sketches the geometry at the crucial first 
encounter of a blade with the rolled-up tip vortex in the wake. Figure 2 shows a typical bound 
circulation distribution and wake geometry in hovering flight, obtained from experimental data 
and as computed by the methods discussed below. The wake continues to distort under the 
influence of the self-induced velocities as it descends, which complicates the computation of 
induced velocities both at the blade and in the wake. 
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FIRST ENCOUNTER 
Fig. I. First blade vortex encoumer. 
Several alternative approaches tohandling the geometric complexities outlined above have 
been proposed. The simplest is to assume a "'rigid" wake in which the wake displacements 
are determined by the velocities existing at the points on the blade from which the wake originally 
trailed. This procedure is marginally adequate for predicting airload distributions in forward 
flight, but results in appreciable error in circulation distribution i  hovering flight. An improve- 
ment is the "'prescribed wake" technique[2] for hovering flight in which the wake geometry 
is determined experimentally and then used to predict airloads. The consistency in the exper- 
imentally determined wake geometries found by different investigators[4] lends credence to the 
results obtained using this method. Its application, however, is limited to rotors having geo- 
metries imilar to the test articles and the method cannot herefore be used for global optimization 
of rotors with arbitrary geometries. Finally, "free wake" techniques have been developed in 
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Fig. 2. Blade bound circulation distribution and location of vortices in wake for two-bladed rotor of Ref. 14. 
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which the rotor wake is allowed to assume any position, as determined by the induced velocities 
everywhere in the wake[3-7]. 
The free wake vortex theories for the hovering rotor are based on numerical analysis 
techniques involving computation of the velocities everywhere in the wake and their integration 
to determine wake displacement. In Ref. 5 the wake is represented by discrete vortex spirals, 
whereas in Ref. 6 vortex sheets are used. Such solutions agree reasonably well with the observed 
results, but they require extensive computer analyses and are difficult to use for heuristic or 
formal optimization. 
It is therefore of interest to explore the possibility of developing simpler free wake models. 
Such simplified models could provide useful insight into the complex aerodynamics of a lifting 
rotor and help guide solutions using the more exact flow representation discussed in Sections 
4 and 5 of this paper. 
Section 2 describes the simplified wake models. Section 3 discusses a model based on the 
Biot-Savart relationship. Section 4 discusses a finite difference solution for the wake model. 
Section 5 presents the computational techniques used. Section 6 discusses the results obtained 
using the techniques of Section 2 (Biot-Savart). Section 7 presents results from the finite 
difference solution of Sections 4 and 5. Section 8 presents ome preliminary results for a rotor 
in forward flight and Section 9 discusses the results. Conclusions are presented in Section 10. 
2. THE WAKE MODELS 
Both a two-dimensional model (2D), as proposed by Loewy[8] for the oscillating rotor 
blade, and a three-dimensional model (3D), will be considered. These models will be based on 
the assumption that the controlling interference velocities at the rotor blade are those generated 
by the sections of the wake immediately below the blade and hence that the vortex spiral may 
be replaced by infinite-line vortices (for the two-dimensional model) or vortex rings (for the 
three-dimensional model) at these locations. It has been shown in Ref. 9 that, for the idealized 
case of an infinite number of blades and for both the oscillating and steady blades, the two- 
dimensional model gives closed-form solutions identical to those of the three-dimensional rep- 
resentation. Reference 10 shows that representing the wake by infinite vortex lines at blade 
encounter is also a valid approximation i  forward flight, as will he discussed in Sec. 8. 
The corresponding free wake analyses (described in detail in Ref. I l) may be summarized 
as follows: 
(1) The vortex spiral may be replaced by infinite-line vortices (for the two-dimensional 
model, Fig. 3) located below the blade, or vortex rings (for the three-dimensional 
model, Fig. 4). In the two-dimensional model, the rotor wake is replaced by 
(a) a near wake consisting of semi-infinite vortex filaments attached to the blade in 
the plane of the rotor, with the blade represented by a lifting line, 
(b) pairs of infinite-line vortices below the rotor, forming an intermediate wake, and 
(c) a far wake consisting of a pair of vortex sheets. 
This geometry is possible because of the symmetry of the rotor in hovering flight. 
Viewed from the side, this wake model appears as a two-dimensional one (Fig. 3). 
In the three-dimensional model, the line vortices are replaced by ring vortices and 
the vortex sheets by vortex cylinders. 
The essence of the simplification i  the case of both models results from considering 
the velocity only at an azimuth in the wake below the blade in question. Vortices are 
located at these points as a result of previous blade passages. Wake displacements are 
determined from the average of the velocities at two vortices acting over a time 
increment corresponding to the time between the individual blade passages which 
produced them. The blade-bound circulation distributions are determined from the 
velocities at the blade induced by the vortex system in the wake whose geometry was 
determined by this velocity-averaging technique. 
A side view of the vortex ring model is shown in Fig. 4(a). For simplicity, the tip 
vortices only from a two-bladed rotor are shown. The first quadrant of the vortex spiral 
from d) = 0 to ~r/2, defined as the near wake, is replaced by several, usually 20, 
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Fig. 3. Geometry of two-dimensional model using line vortices and vortex sheets to represent wake. 
straight semi-infinite trailing vortex filaments, as shown in Fig. 4(b). Such a fine near 
wake is necessary in order to model the rapid variations of bound circulation along 
the blade resulting from the close blade/vortex interaction. It has been shown in Ref. 
9 that the use of a straight, rather than a curved, near wake is a reasonable approxi- 
mation. 
This fine near wake is then rolled up into two or three vortices to form the intermediate 
wake as discussed in (2) below. The spiral wake of the rotor is represented by a series 
of planar vortex rings, formed from the rolled-up wake from each blade. In the case 
of a two-bladed rotor, half of the first ring is formed by the wake generated from the 
first blade in going from + = ?r/2 to 37r/2, as shown in Fig. 4(c). The other half is 
generated by the opposite blade in moving from cb = 3'rr/2 to 5v/2.  Additional rings. 
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Fig, 4. Geometry of three-dimensional model using vortex rings and cylinders, la) Side vie~ of rotor ~*ake 
model showing intermediate and far wakes formed from vortex spiral. Two blades, tip ~ortex only ~hown 
, blade 1; ---. blade 2. (b) Plan view showing near wake. (c) Formation of intermediate wake. 
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usually four, are formed below in a similar fashion to complete the intermediate wake. 
Their radii and vertical spacings are determined from the vorticity transport law (vortex 
moves with the fluid), using the velocities on each pair of vortices computed at the 
azimuth position under the blade in question, averaged over an increment of time 
corresponding tothe time required for the blade to move through an angle determined 
by the blade separation angle (~ in the case of two blades). For example, in Fig. 4(a) 
the vertical velocity component would be computed at A and at B, directly below A, 
and the average used to determine the vertical distance between A and B. The induced 
velocities on the blade, and hence airloads, are computed on the blade at azimuth 
position A. The flow is essentially stationary when viewed in the rotating system. The 
model is applicable to the case of any number of blades, providing the time increment 
for determining the wake spacing corresponds tothe individual passage time. The two- 
dimensional model results from replacing the tings by pairs of infinite-line vortices, 
one of which is located below the blade in question. Both models are thus applicable 
to a rotor with any number of blades. 
(2) The intermediate wake is assumed to have rolled up rapidly, and before first blade 
encounter, according to the Betz theory of conservation of momentum[12,13]. Since, 
due to wake contraction, the distribution of bound circulation along the blade will be 
strongly influenced by the vortex generated by the preceding blade, it may be expected 
that a distinct maximum in circulation will occur near the tip, and this assumption is
verified by the experimental results of Ref. 14 (see.Fig. 2). The roll-up of the fairly 
complex blade circulation pattern was therefore approximated bythree vortex filaments 
in the wake. The first includes all circulation from the tip to the point of maximum 
circulation. The second includes the circulation from this point to a point where 
dF/dr again approaches a minimum (Ref. 13) and the third contains all the remaining 
circulation to the root. The solutions are relatively insensitive to the exact location of 
start of roll-up of the inboard vortices and to the number of spirals in the intermediate 
wake beyond a minimum of twice times the number of blades. 
(3) In the two-dimensional model, the tangential velocities arising from the spiral nature 
of the wake (induced wake rotation) may be computed by assuming that the vortex 
lines are inclined through an angle k/r  (where k is the local velocity ratio and r is the 
nondimensionai r dial position of the vortex element) and taking the horizontal and 
vertical components atthe desired location. The effect of this inclination is to decrease 
slightly the vertical displacement of the vortex due to slip and reduce the inplane thrust, 
due to the reduction in tangential velocities. The effect of wake rotation may be shown 
to be second order in k and to have a negligible ffect on both wake geometry and 
rotor thrust for typical helicopter rotor loadings. 
(4) Starting with the wake spacing as determined from the three-dimensional momentum 
theory for nonuniform inflow and the corresponding blade circulation, the axial and 
radial velocities induced at each vortex from all sections of the wake are computed. 
The rolled-up near wake is used in computing its contributions tovelocities everywhere 
in the wake. A new wake geometry is then established using the average velocity 
between vortices to determine their spacing. 
(5) The new induced velocities at the blade are then computed and a new distribution of 
circulation along the blade determined. Wake geometries are recomputed and the 
iteration repeated until the induced velocities everywhere on the blade have converged. 
The computer codings are available in Ref. I I, including a form suitable for micro- 
computers, with options for representing the wake by any combination of vortex lines, 
tings, sheets and cylinders. 
3. MODELING VORTEX ROLL-UP IN THE NEAR WAKE 
As mentioned above, the wake displacements in the near wake are determined by taking 
the average of the velocities at the vortices, specifically: 
(l) the velocities in the wake immediately behind the blade in question at the computed 
spanwise location of its rolled-up trailing vortices, and 
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!2) the velocities in the wake immediately behind the following blade (thus including the 
contribution from its trailed rolled-up vortices) at the locations of the displaced rolled- 
up vortices from the first blade. 
While this approach as the merit of consistency and results in good agreement with test 
data, both as regards geometry and bound circulation distribution, there is some question as to 
how well it models the near wake displacements during the roll-up process and before encounter 
with the following blade. For example, an alternative approach would be to compute the 
velocities in the wake immediately ahead of, rather than behind, the following blade, neglecting 
the contribution i that region of the vortices trailed by the following blade. Reference 18 shows 
that the thrust coefficient for this model is lower and both the circulation distribution and wake 
displacement a first encounter do not agree with the observed results. Evidently the original 
assumption of velocity averaging after blade passage results in a better epresentation f the 
complex roll-up process occurring in the near wake. This is because of the additional downward 
displacement of the wake as a result of the roll-up characteristics of a system of curved vortex 
filaments discussed below. 
Recent interest in the formation of vortices from fixed-wing aircraft has stimulated the 
development of computation techniques for predicting the geometries of rolled-up three-di- 
metasional vortex sheets. In these techniques the sheet is treated as a collection of line or point 
vortices and their motions tracked as they distort under their mutual interference velocities, 
using various computational methods. Some of the earliest work[151 is quoted in Ref. 16, pp. 
589-590. Subsequent efforts to duplicate these results with a finer grid resulted in chaotic 
motions, particularly in the tighter portions of the spiral. Introduction of artificial viscosity 
resulted in more ordered solutions, but unfortunately dependent on the degree of viscosity 
introduced. 
In Ref. 17 an approach to the problem of a curved vortex sheet roll-up was attempted in
which the wake was modeled as a curved series of vortex filaments and their roll-up predicted 
using the Biot-Savart relationship. Referring to Fig. 5, it is necessary to compute interference 
velocities between any two vortex filaments everywhere in the near wake and integrate these 
velocities to obtain displacement. If it is desired to compute the velocity induced at any point 
A on one vortex filament by another vortex filament B. then it is clear that the velocity at A 
due to B would be induced primarily by that portion of B closest o A. The rest of the spiral 
vortex filament B may therefore be approximated by a vortex ring and the velocities computed 
readily by using the Biot-Savart relationships and logarithmic series solutions for the resulting 
elliptic integrals[ 11]. The displacement of any vortex may be computed by integrating the total 
induced velocity on a vortex due to contributions from all other vortices in the near wake over 
an increment of time represented by a small change in azimuth, starting from the blade in 
question, and using standard techniques of integration such as fourth-order Runge-Kutta for- 
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Fig. 5. Geometry, of near-wake roll-up model. 
Methods for wake modeling and blade airload determination 35 
mulas. With this simplified model it is possible to set up a much finer wake structure, thereby 
presumably achieving a more realistic wake roll-up. 
This technique was first used to examine the roll-up of the curved vortex generated from 
the tip of the blade with the bound circulation distribution of Fig. 2. A typical result is shown 
in Fig. 6. Nineteen filaments with an assumed core size of 1% of blade span were generated 
from the outer 6% of the blade. Most of the circulation is contained in the numbered vortex 
filaments and in particular the first six, as is evident from the table showing the strength 
of each vortex filament G, where G is equal to (l/f~"R)(dF/dr)(dr). The bound circulation. 
F/FFR has a maximum value of 0.02 at 94% span. The vortex rolls up very rapidly, first rising 
slightly and then descending. Roll-up apparently occurs a few chord lengths behind the rotor 
blade, as may be expected from the experimental evidence. 
The downward displacement of what is apparently the vortex core is characteristic of a 
curved vortex sheet, and not a straight sheet such as would be generated by one half-span of 
a wing. In the latter case, it is well known that no vertical displacement of the centroid of 
vorticity will occur if the effects of blade-bound vorticity and of the opposite half-wing are 
neglected. The difference between the roll-up of a straight and a curved series of vortex filaments 
has been demonstrated in Ref. 18. 
The effect of core size on the computed displacement of the centroid of vorticity for the 
case of Fig. 2 is shown in Fig. 7. Evidently the solution is sensitive to the assumed core size. 
ROLL UP OF ROTOR TIP VORTEX 
DISTRIBUTION OF VORTEX STRENGTHS, G. 
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Fig. 6. Predicted roll-up of tip vortex in near wake. 
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The effects of the self-induced velocities[19] of the vortex ring have not been included in the 
results of Fig. 7, in order to clarify the more important effects due to the mutually induced 
velocities of the free curved vortices. Self-induced velocities are included in the results of 
Fig. 2. 
For a two-bladed rotor, Fig. 2 indicates that the tip vortex at first encounter is located 
approximately 5% to 6% of the span below the following blade, as shown both analytically 
and experimentally (Fig. 2). Consequently, the differences in the vertical displacement of the 
centroid of the rolled-up vortex with various assumptions as to core size, of the order of 2% 
of the blade span at first encounter, may not appear to be crucial. However, blade airloads are 
sensitive to the location of the tip vortex at this first encounter, and this difference is sufficient 
to explain the discrepancy between the two methods of velocity averaging discussed above. 
The dependency of the solution on assumptions as to core size remains of some concern. 
Experimental evidence indicates vortex core sizes of the order of 1% of the span, but these 
measurements are presumably of the rolled-up vortex core, which may not necessarily be the 
core size required to model the sheet as it leaves the blade. A great deal more analytical and 
experimental investigation is necessary before this problem may be completely resolved. It is 
possible that simplified forms of the Navier-Stokes equations for spiraling vortices will have 
to be developed in order to obtain a better understanding of the phenomenon of roll-up and 
migration of the tip vortex generated by a rotating blade as, for example, in Ref. 20. 
In a first attempt to extend this investigation to the complete wake, a solution was obtained 
using 24 curved vortex filaments for the near wake. A converged solution was first obtained 
using the fast free wake techniques discussed above, where the near wake is assumed to roll 
up almost instantly. The resulting velocities at the blade induced by this intermediate and far 
wake were then added to those computed from the 24-filament representation f the curved 
near wake. The results, shown in Fig. 8, agree well with the basic characteristics evident from 
the test data of Refs. 1 and 2. An intense tip-vortex roll-up contains most of the bound circulation 
from its peak to the tip. This tip vortex is followed immediately inboard by what appears to be 
a quiescent area. A small secondary vortex of opposite sign then roils up from the vortex 
filaments trailed as the bound circulation starts decreasing inboard from its peak value. This 
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Fig. 8. Roll-up of wake from hovering rotor at tp = 180 °. 
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secondary vortex is well below the tip vortex and displaced inboard of its originating trailed 
vorticity. 
Because of the complexity of incorporating roll-up models into the free wake solutions 
using the Biot-Savart approach, more recent efforts at defining the complex flow field generated 
by the hovering helicopter have centered on direct solution of the flow equations. Although the 
solutions discussed above (in which the wake roll-up characteristics are determined a pr io r i  
and the kinematic relationships used for predicting velocities everywhere in the wake) give 
reasonable solutions and are a useful tool for providing insight into the physics of the problem, 
the more direct and efficient methods described in the next section will probably result in a 
more rigorous and versatile computational technique. 
4, FINITE DIFFERENCE SOLUTION FOR THE WAKE MODEL 
In this section, the approach based on a finite difference calculation of the flow field is 
described. As belbre, the flow is assumed incompressible and irrotational with an embedded 
vortex wake. This allows the introduction of a velocity potential ~ satisfying the Laplace 
equation: 
V-" ~ = 0 (1) 
in the region outside the wake. 
The trailing vortex sheet from each blade is discretized into a number of vortex filaments 
following helical paths below the rotor blade plane as before. The positions of the vortices are 
found iteratively by requiring the filaments to be streamlines of the flow, i.e. 
dr~lu~ = r~ dq~lvr = dz~/w~. (2) 
Here, ui, vi, w~ are the radial, azimuthal and axial velocity components, respectively, of the ith 
vortex, and r~, ~0, z~ are the corresponding coordinates of the vortex. The azimuthal velocity 
perturbations are ignored, (see Section 2), i.e. 
v~ = r~fL (3) 
where fl is the angular velocity of the rotor. This means that the flow may be treated as 
axisymmetric n any azimuthal plane. To determine the velocities in an azimuthal plane, the 
helical vortices may be replaced by a collection of vortex rings, as in Fig. 4. Each ring represents 
contributions from the helical filaments emanating from each blade. (This treatment of the wake 
as axisymmetric s similar to that of Liu et a/.[20] in their unsteady Navier-Stokes solution of 
a hovering rotor.) As in the method escribed in Section 2, the vortex velocities are found only 
in the azimuthal plane immediately behind each blade. Velocities for azimuthal positions between 
the computational planes are given by averages. 
Because the vortex wake is of infinite axial extent, it is not possible to determine force- 
free vortex positions for the entire wake. Therefore, as before, only the first four passes of the 
wake below the rotor blade are treated as free. This portion of the wake is called the intermediate 
wake (Fig. 9). For the next ten passes, the inner portion of the wake and the tip vortex are 
treated as only two discrete vortices. The radial and vertical spacing of these vortices are fixed 
from the values for the third and fourth wake passings. For the remainder of the wake, vortices 
are treated as semi-infinite vortex cylinders. The fixed spirals and cylinders are called the far 
wake. 
To determine the loads on the rotor, each blade is treated as a lifting line. For the first 
quarter-spiral, the trailing vorticity from the blade is treated as a sheet, called the near wake. 
The induced velocities at the blade due to the near. intermediate, and far wakes are used to 
determine the blade lift. From the updated blade loads, a new distribution of circulation in the 
wake is found, and the new wake-vortex positions are found iteratively. This continues until 
the blade loads and wake positions converge. More details on the wake iteration process can 
be found in Ref. 25. 
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Fig. 9. Vortex wake computational model. 
To determine the vortex velocities, eqn ( I ) for the axisymmetric velocity potential is solved 
on a finite difference grid. The velocities are interpolated from grid points to the vortex locations. 
Because the vortex filaments are being followed in a Lagrangian frame of reference, while the 
velocities are found by an Eulerian method, the method is called Eulerian-Lagrangian. A 
description of the scheme used in this Eulerian-Lagrangian pproach, the "'cloud-in-cell'" 
method, is taken up in the next section. 
5. VELOCITY FIELD DETERMINATION 
As described in Section 4, the vortex velocities are found from the solution of the velocity 
potential equation in the azimuthal plane immediately behind each blade. The method used is 
a variation of the "cloud-in-cell" scheme, originally adapted to vortex flow simulations by 
Christiansen[211 and Baker[22] who used a two-dimensional stream function formulation. The 
current study follows the work of Murman and Stremel[23.24] who developed the method for 
two-dimensional potential flows. Details of the current formulation may be found in Ref. 25; 
only the major features of the scheme are developed below. 
The vortex positions in the Lagrangian frame are distributed by bilinear interpolation or 
area weighting, to the four nearest grid points of the finite difference grid (Fig. 10). Branch 
cuts in the potential field now lie along the radial grid lines to the inside of the redistributed 
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Fig. 10. Vortex redistribution scheme. 
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vortex rings, with the four grid points being branch points. For grid points not lying on branch 
cuts. the velocity potential satisfies the axisymmetric Laplace equation: 
a?4 I a4 a’4 
2+--+-=o. 
r ar a? (4) 
Across branch cuts, we have the condition 
[4l,.k = ; r,,, + f: r,.r. 
/=i+ I 
where [ I denotes the jump, and C,=,, , r,,k is the sum of the circulation of vortices lying to the 
right of grid point U./C). If u.k) is a branch point, then [+I,,, is taken to be the mean of [+] on 
either side of the point [hence, the (l/2) r,,, term in eqn (S)]. Also, for grid points lying on 
branch cuts, the value 4.11 is taken as the mean of $ just above and below the cut. 
A five-point-centered difference approximation to the governing equation, 
where 
+j+l,k - 24j.k + 4)-1.k + i4/+I.k - 41-1.1 
(Ar)? rl 2Ar 
+ 6i.hCI - 2+,,, + +,.i- I 
(A;)’ 
= f;.k. 
(64 
f;.k = l- I’ ([41,.k+ I - [4l,.k- I) (6b) 
is solved in the computational domain by a fast Poisson solver. Boundary conditions are found 
by summing the velocities due to the intermediate and far wakes and integrating around the 
outer boundary of the domain to find 4. Symmetry conditions are used on the axis r = 0. 
After solving the eqn (6), the velocities at the grid points are found by the difference 
formulas 
uj,J. = 
4j+l.k - 4j-l.k 
2Ar ’ 
W 1.k = 
4,,k+I - 4j,k-1 
2Az 
(7) 
-- 2: 
z 
i [4l,.k+ I + [d?l,.k + $ [4lj.k- I 
Vortex velocities are found by a bilinear interpolation of the four nearest grid-point velocities 
to the vortex location in the Lagrangian frame. 
In Refs 22-24 it is shown that the effect of the grid is to introduce an artificial core size 
to the vortices that is proportional to the grid spacing. For two-dimensional vortices, which 
induce no velocity on themselves, this affects only the small-scale flow features. Large-scale 
flow structures are grid-independent. However, curved vortices induce a velocity on themselves. 
Solution of eqns (6) and (7) for a single vortex.ring results in a self-induced speed varying 
logarithmically with the grid spacing space. Interpretation of this result as an artificial vortex 
core size proportional to the grid spacing is shown from the formula for the speed of a vortex 
ring, 
(8) 
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tbund in Lamb[19] (p. 241). Here r is the ring radius and a is the core radius. Since the core 
size of the vortex filaments affects the rate at which the rotor wake descends, we wish to specify 
that parameter independently of the grid. It is necessary to modify eqns (6) and (7) to eliminate 
the grid dependence of the solution. 
The correction for the self-induced velocity error is developed fully in Ref. 25; the main 
elements of the modification are described here. The approach consists of splitting the potential 
near a vortex into a local part, doq and a global part, do. The local potential is that portion due 
to the nearby vortex, and is found from an asymptotic formula valid near the vortex. The global 
potential is the sum of the contributions of all the vortices in the field. By subtracting do~ from 
dO before finding the velocities, the incorrect self-induced velocity is removed, and what is left 
is the velocity due to all the other vortices in the field. Thus eqn (7) becomes 
uj.~ = 2Ar 2Ar 
- -doi.,-, I [~ do~.k + I / ~Vl.k = doj.k +1 doj.k- I - -  I 
2As 2Az - 2A---~- ([d)l - [do]'),.~.., (9) 
, ] 
+ ([+1 - [dol%.~ + ~([+l - [+]')i.k-~ • 
After interpolating the velocities to the vortex location, the correct self-induced velocity is added 
using eqn (8). 
To use eqns (9), 4, must be determined accurately near the vortex. Since do varies rapidly 
in this region, eqn (6) is not sufficient. An improved difference formula must be used. In Ref. 
25, a more-accurate difference formula is derived in detail, and is found by an interpretation 
of eqn (6) as a discrete approximation to the fluid flux across a control volume centered on 
grid point ( j ,k).  However, the modified difference formula may also be derived from a per- 
turbative approach developed by Chow et al. [26], and is done so here. The governing equation 
is written as 
V 2 + = f, (10) 
where f contains the branch cut information [see eqn. (6)]. Rewriting, 
V2(4) - do') =/ -  V2H- ( l l )  
Since dot contains the rapidly varying part of the potential, do - do/is smooth near the vortex. 
The five-point-centered difference Laplacian operator is applied to the left-hand side of (11), 
while the V'-do / term on the right-hand side may be evaluated analytically from the known 
function dot. The resulting difference formula is more accurate than (6) in regions near the 
vortex. Recently, Stremel[27] has used a similar approach to the one described here. 
With these modifications, the velocity of a single vortex ring was recalculated. The core 
size was specified as an independent parameter, and the self-induced velocity was found using 
eqn (8). The grid spacing no longer affects the speed of the vortex. 
6. DISCUSSION OF RESULTS FOR HOVERING FLIGHT-- 
METHOD OF SECTION 2 
In order to test the validity of the theoretical approach described in Section 2. the results 
were compared to those of Ref 14, which presents experimentally determined blade circulation 
distributions and estimated wake geometries for a two-bladed rotor. The experimental results 
are compared in Fig. 2 with the blade circulation and wake geometry predicted by the two- and 
three-dimensional models. It is interesting to observe the rapid inboard movement of the tip 
vortex and its proximity to the blade at first encounter. 
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Examining the analytical solutions indicates that this geometry is primarily influenced by 
two factors. As discussed in Section 1, the bound circulation leaves the blade at the tip (Fig. 
l) and forms the strong tip vortex, whose position is determined primarily by the induced 
velocity field from the vortices in the wake, generated by preceding blade passages, which lie 
below it. This induced velocity has strong inward radial components and relatively smaller 
vertical components. Consequently, it can be expected that the vortex will remain close to the 
tip path plane, but move rapidly inward. After passage of the following blade, the position of 
this first vortex is influenced by the new vortex formed immediately above and out-board of it 
(Fig. !). This new vortex then initiates a more rapid downward migration of the first vortex, 
as well as slowing its rate of inward displacement, since the horizontal component of velocity 
induced by the new vortex at the first vortex is opposite to that induced by the wake below. 
As may be expected from this geometry, the bound circulation distribution shows rapid 
variations with span. Neither the inflow nor the circulation distributions are close to the uniform 
values assumed in classical vortex theories for the "ideally twisted" rotor blade. Preliminary 
indications are that the twist distribution and taper required for optimum performance of a 
hovering rotor are appreciably different from this ideal twist, as might be expected. The theory 
represented in Section 2 should be sufficiently simple computationally to permit heuristic and 
possibly formal techniques to be used for such rotor optimization. 
As predicted by classical vortex theory, the center vortex descends at a more rapid rate 
than the tip vortex. Of particular interest is the root vortex, whose position is strongly influenced 
by the upflow at the center of the rotor frequently observed on hovering helicopters. The 
migration of this root vortex (with its attendant far wake) through the blade, causes computational 
difficulties due to the singularities involved. And yet its influence upon either the blade loading 
or rotor performance is negligible. Furthermore, it is probable that this vortex does not exist 
in practice in the form postulated, since it trails into a region where the induced velocities are 
of the same order of magnitude as the local blade velocities and the flow is highly disturbed 
by the hub and root fittings. The resultant mixing and diffusion of the root vortices from all 
blades makes their true contributions to the wake velocities uncertain. Since the effects of the 
root vortex on the solutions are in any case negligible, their strength as been set to zero for 
the rest of the solutions. 
Convergence (to 1% difference between iterations in the induced velocities) with both 
models was rapid, requiring less than 20 iterations. A high level of under-relaxation, 90%, was 
required in order to obtain convergence. Further iteration to a 0.01% difference (over 50 
iterations) resulted in no appreciable change for the two-dimensional case, Cr varying from 
0.00467 to 0.00462 but a greater change in the three-dimensional c se, from 0.0046 to 0.0044. 
The experimental value is given in Ref. 14 as 0.00459. An attempt is being made to couple 
the computed near wake geometry at first encounter shown in Fig. 8 with the airioad calculations: 
however, convergence about the outer loop is erratic and much work remains to be done in 
order to develop a reliable computational procedure, again suggesting the advisability of direct 
solution of the flow equations, as discussed in the next section. 
Intermediate wake modeling is critical in hover if an accurate prediction of the rotor figure 
of merit is required for precise performance evaluation. Of particular interest is the figure of 
merit with induced losses only included, a very sensitive measure of rotor efficiency which. 
however, cannot be determined experimentally but can only be inferred. Certainly its value 
should be less than unity and, for a twisted blade, probably of the order of 0.9 to 0.95. The 
effect of the number of vortex rings in the intermediate wake on this "ideal" figure of merit 
is shown in Fig. I 1, including the effects of wake rotation. The model using line vortices for 
the intermediate wake tends to give values for the ideal figure of merit of the order of one. 
Evidently the intermediate wake must be appreciably extended for precise performance esti- 
mation, although fewer spirals are adequate for modeling near-wake ffect in order to establish 
the wake roll-up characteristics and rotor loads. 
A phenomenon f interest in hovering and near-hovering flight is the tendency of the wake 
to migrate above the blade in a slight cross-wind. This effect is shown in Fig. 12 where the 
instantaneous wake position has been computed using the free wake hoverings analysis in a 
cross-flow corresponding toan advance ratio ~. of 0.05. The associated large increase in blade 
load could cause instantaneous stall, although blade flapping accommodation to this load increase 
(not included in the analysis) would probably result in a rapid relief of the load. 
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7. DISCUSSION OF RESULTS FOR HOVERING FL IGHT- -  
METHOD OF SECTIONS 4 AND 5 
Using the modified "cloud-in-cell" scheme described in Sections 4 and 5. a number of 
wake geometry calculations were performed for the same two-bladed untapered rotor config- 
uration described in Ref. 14. To study the effect of vortex core size and the number of vortex 
filaments used to represent the wake, the blade-load istribution was prescribed rather than 
determined iteratively as part of the solution. Then rotor calculations with a fixed number of 
trailing vortices were performed using the coupled wake-geometry/lifting-line solution technique 
outlined in Section 4. These calculations were done tbr the same rotor configuration as above. 
Comparisons were also made with the test results of Caradonna nd Tung[29]. 
Figure 13 shows the wake geometry and Fig. 14 the downwash at the blade for the two- 
bladed rotor of Ref. 14 for core sizes of 0.01R, 0.025R and 0.05R. The blade loading was 
fixed, using the bound circulation distribution given by Stremel[24] which approximates the 
results of Fig. 2. Two trailing vortices--a tip vortex and one inboard vortex--were used to 
represent the wake as in Section 2. A 51 x 76 grid ~vas used ~vith ~r = :X,- = 0.025R. 
Variations in the grid spacing had a negligible ffect on the results. Differences in the downwash 
and wake geometry are slight. The primary effect of increasing the core size is to increase the 
mean downwash over the blade. Increasing the core size reduces the self-induced velocity of 
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Fig. 12. Effect of cross flow on wake geometry, at ~t = 0.05 for a four-bladed rotor. 
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Fig, 13. Effect of vortex core size on wake geometry for fixed-rotor loading. 
the vortex. The tip vortex descends more slowly, remaining closer to the rotor blade plane, 
resulting in a stronger mean downwash. For subsequent calculations, the core size was fixed 
at 0.025R. 
Figures 15-17 show the wake geometry and Fig. 18 the downwash at the blade for the 
same rotor, but with two, five and ten trailing vortices per wake. The same grid and load 
distribution as above was used. For each case, one tip vortex was trailed from the blade, while 
the inboard portion of the trailing vortex sheet was discretized into equally spaced vortices. 
Calculated tip vortex positions are compared with those shown in Fig. 2 in Figs. 15-17. 
The agreement is good. Differences in tip vortex positions for two, five and ten trailing vortices 
are slight. In Fig. 18 note the characteristic rapid variation due to the first blade/tip vortex 
encounter over 0.85R to 0.95R. Differences in the calculations made with two and five trailing 
vortices are confined primarily to the inboard portions of the blade. The more distributed vorticity 
in the latter case yields a more-uniform downwash inboard of 0.75R. There is effectively no 
difference between the five- and ten-vortex cases. This is due to the dominance of the tip vortex 
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effect over the inboard portion of the trailing vorticity. This also indicates that few vortices, 
but more than one, are needed to accurately represent the inboard portion of the sheet. 
When calculations were attempted for fixed-blade loading and 21 and 42 trailing vortices, 
the wake geometries did not converge. Rather, the vortex positions and downwash oscillated 
as the iterations continued. The reasons for this behavior are not fully known. However, several 
possible xplanations have been conjectured. First, the representation f the continuous vorticity 
distribution of the trailing sheet by discrete filaments may be too crude. The question of whether 
a sheet may be represented asa collection of discrete vortices has not been resolved[281. Another 
possibility is that the iterative procedure, which is based on the assumption of steady flow in 
the rotating coordinate frame, may be an ill-posed problem. It is not clear that a steady wake 
geometry must exist. Furthermore, xperimental evidence suggests that the wake may be unstable 
after about four passes below the blade. Whatever the reasons for the convergence problems, 
the advantage of the "cloud-in-cell" scheme to handle large numbers of vortices efficiently is 
lost in this case. 
Calculations for the same rotor as above, but with blade loads/wake geometry coupling, 
are shown in Fig. 19. The wake was represented by five trailing vortices, since the results 
above indicate this to be adequate. The wake geometry of Fig. 19 compares well with Fig. 
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18(a). The bound circulation distribution of Fig. 20 also agrees well with that of Fig. 2. The 
predicted thrust coefficient, Cr, is lower than experiment or the calculations discussed above 
in Section 6, 0.0043-0.0046 (experiment). 
Comparisons were also made to the experimental results of Ref. 29. Caradonna nd Tung 
tested a two-blade untwisted rotor at 5 °, 8 ° and 12 ° collective pitch. Measured-thrust coefficients 
for the three cases were 0.0021, 0.0046 and 0.0080, respectively. Corresponding calculated 
results are Cr = 0.0021, 0.0043 and 0.0074. The agreement is fairly good, with discrepancies 
at the higher pitch settings possibly due to compressibility effects. (The tip Mach numbers of 
the tests were 0.433 to 0.877.) Figure 21 shows the present calculations for the 8 ° case. The 
tip vortex positions, Fig. 21(a), are in fair agreement with test data, with current calculations 
showing a greater initial contraction of the wake. The bound circulation. Fig. 21(b), is in fair 
agreement as well. Over-prediction of the peak loading is likely due to inadequacy of the lifting 
line model. Compressibility effects are also significant in the experiment. 
8. ROTOR AERODYNAMICS IN FORWARD FLIGHT 
A recent paper (Ref. 30) showed that the experimentally determined airloads on helicopter 
rotors operating at advance ratios, ix, typical of high-speed cruise flight have large higher 
harmonic omponents (above the second) which existing analytical techniques did not appear 
to predict. Over the outer portion of the blade these higher harmonic airloads approach at times 
the steady state lift and may therefore be expected to contribute appreciably to helicopter vibration 
in forward flight. 
Subsequently it was shown, in Ref. 31, that these loads are the direct result of a blade 
passing through a vortex system trailed and shed by the preceding blades. This vortex system 
in turn is influenced by the spanwise and timewise variations in lift on a blade as it encounters 
the vortex systems generated by passage of the preceding blades. Thus both the spatial and 
temporal variations of lift on the blade are of importance, and nonstationary flow effects must 
be carefully modeled in order to estimate the resulting vibratory loads. In the cases of hovering 
flight considered above, only the trailing vortex system is involved since the flow is steady 
when viewed in the rotating frame. 
In order to clarify the discussion, the following definitions will be used (see Fig. 22). 
(l) The near trailed wake is that attached to the blade and resulting from the spanwise 
variations in bound circulation. This wake is trailed from the blade in the direction of 
the relative velocity at the blade. 
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(2) The near shed wake is that shed by the blade due to time variations in the blade's 
bound circulation. This wake leaves the blade essentially parallel to the trailing edge 
and is convected ownstream relative to the blade by the resultant forward velocity of 
blade and rotor. 
(3) The far trailed wake is that trailed by all other blades. 
(4) The far shed wake is that shed by all other blades. 
The near shed wake may be treated using the classical methods of nonstationary airfoil 
theory, as shown in Ref. 10. 
The importance of the far shed wake for the case of the helicopter in hovering flight 
subjected to harmonic variations in blade pitch was demonstrated in Refs. 8, 32 and 33, where 
it was shown that the lift deficiency functions, C(k), normally of the order of 0.8 at values of 
reduced frequency, k, typical for rotor blades, could approach zero at values of k corresponding 
to integer frequencies of the rotor speed. 
The importance of the aerodynamic characteristics discussed above will be evident from 
an examination of Fig. 23, which shows the total time varying loading at 90% of the span [Fig. 
23(a)], the loading with harmonics up to the second removed, [Fig. 23(b)] and the spanwise 
loading at ~ = 100 ° and 120 ° [Fig. 23(c)]. These values oftp were selected because at k0 = 80 ° 
[where the peak positive higher harmonic loading occurs in Fig. 23(b)], a blade will encounter 
the vortex from the preceding blade trailed and shed at an angle cb between 100 ° and 120 °. 
Figure 24 shows a typical intersection geometry. In Fig. 23 both the experimental results from 
Ref. 34 and the analytical results using the modeling described in Ref. 31 are shown. 
The important effects to be noted are the rapid spanwise variation in lift over the outer 
portion of the blade, starting from a negative peak near the tip as shown in Fig. 23(c). The 
trailing wake may be expected to roll up into two vortices of opposite sign, one from the tip. 
causing an up-flow on the following blade and one further inboard of greater strength, also 
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causing up-flow on that portion of the blade outboard of the spanwise position of vortex 
encounter. This will evidently occur in the fight forward quadrant over the azimuth of maximum 
vibratory loading shown in Fig. 23. A sketch of the computed vortex positions is shown in Fig. 
25 for the case of Fig. 26 discussed below. Together this system of trailing vortices accounts 
for about 75% of the maximum positive higher harmonic loading. 
The remaining contributions come from the shed wakes generated by the rapid timewise 
variations in lift from about ~0 = 80°-100 ° and again from ~ = 100°--140 °, as shown in Fig. 
23(a). Two vortex systems of opposite signs will be shed, both producing positive lift on the 
blade as it reaches a point about midpoint between the two vortex systems. This will occur 
when the following blade is at ~0 m 80 °, again close to the point of peak higher harmonic 
loading. 
Experimental nd analytical results for additional spanwise stations are given in Ref. 31. 
The mathematical details of wake modeling and the computer codings used in the analyses 
are given in Ref. 35. The method used is based on that of Ref. 9 and on the simplified approach 
suggested in Ref. 10 in which, after the points of encounter of a blade with the vortex sys- 
tem trailed by preceding blades are computed, the spiral wake at this encounter is replaced 
by a doubly infinite line vortex (see Ref. 10, Section 7--note errata: In equation for 8, rl 
should be l). 
As in the case of hovering flight, the near wake was assumed to roll up into a tip vortex, 
a midvortex and a root vortex. The tip vortex contained all the circulation from the tip to the 
first point of maximum circulation, whether positive or negative, and was located according to 
the Betz criterion at the centroid of the trailed vorticity. The mid vortex contained all the 
vorticity from the first to the next inboard maximum bound circulation. Best results were obtained 
when this vortex was located at approximately 75% of the span, when it existed. If no second 
maximum of bound circulation occurred, then the midvortex had zero strength and was merged 
with the tip vortex (see Fig. 25). The remaining circulation was assumed to roll up into a root 
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vortex, again located at the centroid of trailed vorticity. The far shed wake resulting from the 
time variation in airload was then computed at each azimuth. 
The effects of the near shed wake were introduced using the approximation suggested 
in Ref. 10. The airloads were modified by a lift deficiency function, F, and phase shift, 
tan-~G/F with, for the reduced frequencies of interest here, F ~ 1/(I + k~r/2) with a mini- 
mum of 0.5, and G = 4k for k < 0.05 and 0.2 thereafter. 
Unlike the cases discussed above for hovering flight, the forward flight case uses essentially 
a rigid wake model. Experimental evidence (Ref. 5) indicates that, as in the case of hovering 
flight discussed above, the wake will tend to remain close to the rotor tip path plane during the 
crucial first 180 ° of blade rotation. In order to test the possible effects of such wake distortion, 
the vertical displacement of the wake below the blade at first encounter was reduced by 70%. 
Figure 26 shows the effects on the airloads at 90% of the span. 
The effects of the wake become more evident when the airloads produced by the far wake 
interactions only are plotted, as in Fig. 27. It is evident that the blade could be subjected 
to an almost impulsive type load of the order of the steady state lift component, a loading which 
is somewhat masked by including all higher harmonic loads, regardless of their origin, as in 
Figs. 23 and 26. Of interest is the apparent reduction of this loading when blade twist is removed 
and the collective pitch adjusted for approximately equivalent thrust. Until a true free wake 
methodology has been developed, it may be premature to draw any firm conclusions from such 
results. 
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9. DISCUSSION OF RESULTS--FORWARD FLIGHT CASE 
The analytical results discussed above demonstrate, in a preliminary fashion, some of the 
important parameters which must be considered when attempting to predict higher harmonic 
blade airloads in forward flight. The simplified model used gives results in reasonable agreement 
with the test data. The analysis is essentially a rigid-wake lifting-line analysis. Mutually induced 
wake effects are not included. Additional refinements are necessary to improve on the treatment 
of the near shed and trailing wakes (see, for example, Ref. 36) by using modified lifting-line 
or lifting-surface theory. However, by far the most important refinement is believed to be the 
introduction of the true wake geometry. The development of a free wake analysis for high- 
speed forward flight, similar to that developed for the lower cruise speeds in Ref. 5. is a logical 
next step. The expected upward migration of the trailed wake, the far wake interactions and 
possible interactions with the bound circulation discussed in Ref. 17, all indicate the importance 
of using a free wake, thus avoiding the need for arbitrary determination of its position. The 
actual wake is a gometrically complex and time-dependent mesh of more or less orthogonal 
trailed and shed vortex systems which will roll up and migrate in an as-yet-unknown fashion. 
but probably along the lines inferred from the analytical results reported here. 
IO. CONCLUSIONS 
Two methods for computing the free wake geometry and blade airloads for a hovering 
helicopter otor have been presented, based on a simplified wake model. Both methods give 
reasonable agreement with test data and provide valuable insights into the complex problem of 
rotor aerodynamic analysis. However, much work remains to be done to define more clearly 
the roll up characteristics of the near wake and its method of generation from the blade bound 
vorticity. In particular, a more-detailed representation f the flow close to and around the tip 
of the blade may be required in order to define better the formation and structure of the important 
tip vortex. 
A similar model for the forward flight case, but using a rigid wake, is capable of predicting 
higher harmonic airloadings more accurately than has been possible in the past. A free wake 
computational method is clearly indicated as a desirable next step in the development of com- 
prehensive computational techniques for determining both the steady and vibratory airloads on 
helicopter otors in forward flight. 
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